We construct consistent theories of multiple interacting spin-2 fields in arbitrary spacetime dimensions using a vielbein formulation. We show that these theories have the additional primary constraints needed to eliminate potential ghosts, to all orders in the fields, and to all orders beyond any decoupling limit. We postulate that the number of spin-2 fields interacting at a single vertex is limited by the number of spacetime dimensions. We then show that, for the case of two spin-2 fields, the vielbein theory is equivalent to the recently proposed theories of ghost-free massive gravity and bi-metric gravity. The vielbein formulation greatly simplifies the proof that these theories have an extra primary constraint which eliminates the Boulware-Deser ghost.
Introduction and summary
Theories that propagate a massive spin-2 particle have traditionally been plagued by the presence of an additional unstable degree of freedom -the Boulware-Deser ghost [1] . For the case of a single interacting massive graviton, this problem was solved only recently, by the dRGT (de Rham, Gabadadze, Tolley) massive gravity theories described in [2, 3] . These theories were arrived at by choosing interaction terms so as to raise the cutoff of the effective theory [4, 5] , after which the Boulware-Deser ghost is automatically vanquished. (See [6] for a recent review of these aspects of massive gravity.)
The dRGT theories can be put in the following form [7] ,
β n S n ( g −1 η) .
This is the Einstein-Hilbert kinetic term for the metric g µν , supplemented by a potential term containing no derivatives of the dynamical metric g µν but depending explicitly on an external flat metric η µν which breaks the diffeomorphism invariance of the m = 0 theory 1 .
Here, S n is the n-th elementary symmetric polynomial (see Appendix A) of the eigenvalues of the matrix square root of g µσ η σν , and the β n are free coefficients.
The dRGT theories (1.1) are ghost-free [8, 9, 10, 11, 12, 13, 14, 15] . This means they propagate only the five degrees of freedom of a massive spin-2 field, and not the additional unstable degrees of freedom which plague all interaction terms not of the form of those in (1.1) (including those studied in [1] ).
The counting of degrees of freedom can be done in the Hamiltonian formulation. As in General Relativity (GR), we adopt ADM variables [16] and Legendre transform with respect to the spatial components of the metric, obtaining a 12 dimensional phase space consisting of the 6 components of the symmetric spatial metric g ij , and the 6 components of its canonical momenta π ij . In massless GR, the lapse and shift variables appear as Lagrange multipliers, enforcing 4 first class constants which remove 8 degrees of freedom, leaving a 4 dimensional physical phase space which describes the 2 polarizations of the massless graviton and their conjugate momenta. For generic potentials however, the lapse 1 Of course, the diffeomorphism invariance of massive gravity can be restored by the introduction of Stückelberg fields π A . In this work we treat massive gravity in the unitary gauge in which π A = 0.
1 and shift variables appear as auxiliary variables rather than Lagrange multipliers. They can therefore be eliminated by their own equations of motion, leaving no constraints, so the entire 12 dimensional phase space is physical, describing the 5 polarizations of the massive graviton and the single Boulware-Deser ghost, as well as their conjugate momenta. For the special interactions of dRGT massive gravity, however, the lapse still survives as a Lagrange multiplier, enforcing a single primary constraint [8] . This leads to a secondary constraint [11] which, together with the primary constraint, forms a second class pair of constraints.
This leaves a 10 dimensional physical space space, just right for the 5 degrees of freedom of a massive graviton and its canonical momenta.
The potential of (1.1) is awkward, involving matrix square roots. In particular, this makes it difficult to identify the extra primary constraint which removes the Boulware-Deser ghost. In the formulation (1.1), this constraint is only seen after a complicated re-definition of the shift variable. The square root structure suggests that vierbein variables E A = E A µ dx µ may be better suited for describing this theory since they are, in a sense, like the square root of the metric,
In this paper, we will show that the dRGT theory (1.1) is precisely equivalent to the following action written in terms of vierbeins,
where 1 A = δ A µ dx µ is the identity vierbein, which can be thought of as a vierbein for the flat background metric η µν . The flat space epsilon symbol is denoted by˜ A 1 A 2 ···A 4 .
The potential terms now appear simply as all possible wedge products of the vierbein of the dynamical metric with the vierbein for the background. The structure of the wedge product is responsible for the appearance of the symmetric polynomials in (1.1). In these variables, we will find that it is almost trivial to see the existence of the extra primary constraint which makes the theory ghost-free, to all orders in the fields, and to all orders beyond any decoupling limit.
In (1.1), the flat metric η µν is fixed. One can promote this to a general reference metric,
where E(1) and E(2) are vierbeins for the two metrics g µν and f µν , respectively. In this form, the extra primary constraint responsible for eliminating the Boulware-Deser ghost will be easy to see.
By using the vierbein formulation, we can go beyond the bi-gravity theory and construct ghost-free interaction terms that directly mix more than two gravitons. These are terms which cannot be easily inferred using the metric formulation. We can have tri-metric vertices which link together 3 different metrics. There are three possibilities, depending on which vierbein appears twice in the wedge product,
Finally, there is one possible tetra-metric vertex which can mix 4 different vierbeins,
There is no ghost-free vertex of this type which can link 5 or more metrics, since this would require wedging 5 or more vierbeins, which can't be done in 4 dimensions.
Generic theories of N interacting spin-2 fields will contain the degrees of freedom of 1 massless spin-2, N − 1 massive spin-2's and N − 1 Boulware-Deser-like scalar ghosts. This is because each metric carries 6 potentially propagating degrees of freedom, rather than 5, and there is only one overall diffeomorphism invariance. In this paper we will show that the above potential terms have the additional primary constraints needed to eliminate the N − 1 ghosts, non-linearly to all orders in the fields and to all orders beyond any decoupling limit.
The vierbein formulation and the proof of ghost-freedom can be extended to D spacetime dimensions. We will thus work in arbitrary dimensions for the remainder of the paper.
The dRGT interaction terms remain the same, but with D symmetric polynomials. For a theory with multiple interacting gravitons indexed by I, our conjecture is that the following term is the most general ghost-free potential in D spacetime dimensions,
where T I 1 I 2 ···I D is a completely symmetric constant tensor of coefficients. We will show that this term yields the primary constraints needed to eliminate all of the N − 1 ghosts, in all dimensions, and to all orders in the fields and beyond any decoupling limit. Since these terms are constructed by wedging together combinations of the vielbeins, they are limited by the number of spacetime dimensions. These ghost-free vertices can directly connect only up to D different gravitons.
Following the ideas of [4, 19] , we can represent these multi-metric theories graphically.
The bi-metric theory is given in figure 1 . The two nodes represent the two metrics, each of which comes with an Einstein-Hilbert term. The line connecting the nodes represents the bi-metric mass term, which mixes the two metrics. In the vielbein formalism, each node has a separate diffeomorphism invariance, and a separate local Lorentz invariance (LLI). The mass term breaks this down to the diagonal subgroup of diffeomorphisms and LLI's, those transformations which act the same way on both metrics together.
Continuing in this way, we can link up any number of gravitons using bi-metric interactions, for example as in figure 2. There will be one unbroken diffeomorphism and one LLI for each "island" (i.e., disconnected subgraph) in the graph. The spectrum will consist of
E (2) Figure 1 : Visual depiction of a bi-metric theory. The two circles represent the two vielbeins, the bar between them the interaction terms which mix them.
one massless graviton for each island, and the rest of the gravitons will be massive. (This does not contradict theorems forbidding multiple interacting massless gravitons [20] , since the islands don't interact with each other.) We will show that an arbitrary graph, when the links are constructed using the bi-metric interactions of (1.5), has the primary constraints to make it ghost-free to all orders. Thus it is now possible to build the kinds of theories in [4] , for deconstructing gravitational dimensions, in a ghost-free manner. The new multi-metric interactions discussed in this paper can be represented as nodes where three or four metrics meet, as in figure 3 . These can now be used as ingredients in a general theory graph, and the result will still be ghost-free. Vielbeins have proven useful in the study of massive gravity. The vielbein formalism within the context of massive gravity has been developed in [21, 22, 23, 24, 12] . Here we suggest that they may very well be essential. As we'll see, there is no straightforward way to write down an equivalent metric formulation for theories including these tri-metric or tetra-metric vertices, or even theories with only bi-metric interactions whose theory graphs contain closed loops. The vielbein theories provide a new and very wide parameter space in which to search for theories that may address issues such as superluminality [25, 26] and the low cutoff of the effective field theory [4] .
In this paper our analysis will proceed from the general to the specific. We first introduce the general interaction terms in vielbein form and perform the Hamiltonian analysis.
We show that the vielbein formulation makes it straightforward to identity the primary constraints which eliminate the potential ghosts. We then consider the recently proposed ghost-free bi-gravity and massive gravity theories which were formulated in terms of metrics rather than vielbeins. We show that these theories are dynamically equivalent to the vielbein multi-gravity theories, for the case of two metrics. We repeat the Hamiltonian analysis for the case of massive gravity in the vielbein formulation, addressing the subtleties for this case. (µν − νµ). The epsilon symbol has a tilde, and is always defined so that˜ 012···D = +1, regardless of the placement of indices or the signature of the metric (so˜ 012···D = +1 as well).
Multi-metric theory
We start with the general case of multiple interacting spin-2 fields in D dimensions. We have a collection of N metrics g(I) µν , indexed by I, each with its own Einstein-Hilbert term and
Planck mass M(I),
Without interaction terms, this action has N separate diffeomorphism invariances, one for each I, given by arbitrary functions f(I) µ (x),
As we wish to express the interactions in vielbein form, for each metric g(I) µν (x) we introduce a vielbein one-form E(I)
µ , which relates the metric to the flat Minkowski metric η AB ,
We denote the inverse vielbein by E(I)
Without interaction terms, we now have, in addition to the diffeomorphism invariances, a local Lorentz symmetry for each I, 
Note that, in pure GR, the passage from metric to vielbein via the replacement (2.3) is nothing but the Stükelberg trick: the metric is symmetric and so has D(D+1)/2 components, while the vielbein has no restriction other than invertibility and so has D 2 components. We 
The interaction terms
Our goal is to write down the most general interactions among these spin-2 fields which do not introduce ghosts. We look for interactions which would be most relevant at long distances, those involving no derivatives of the metric or vielbein. In addition, we demand that at least one overall diffeomorphism and one overall local Lorentz symmetry remain unbroken, that is, the one for which the f(I) µ (x) are equal for all I, and the Λ(I) A A (x) are equal for all I. This requires the potential to be a diffeomorphism and Lorentz scalar constructed out of the vielbeins.
Our conjecture is that the following term is the most general ghost-free potential of N spin-2 fields,
where Let's look at some of the possible terms. The simplest case is when there is only one metric g µν , and hence one vielbein E A µ . Then there is only one possible term,
corresponding to a cosmological constant,
If there are two metrics g(1) and g (2) , in addition to a cosmological term for each metric separately, there are now D − 1 possible terms which mix the two,
We will see that these are equivalent to the interaction terms of ghost-free bi-gravity, and when one of the metrics is non-dynamical, ghost-free massive gravity.
With multiple metrics, we are allowed to wedge together all the various metrics in all possible ways. Let us enumerate all the possibilities for D = 4. With one metric, there is only the cosmological constant term. For two metrics, there are the 5 terms listed in (2.8);
the two cosmological terms for each metric separately plus the three mixing terms. For three metrics, there are 3 cosmological terms, 3 terms mixing each of the 3 possible pairs of metrics (for a total of 9 bi-metric terms) and there are 3 terms that mix together all three of the metrics,˜
for a grand total of 15 terms. For 4 metrics, there are 4 cosmological terms, 3 terms mixing each of the 6 possible pairs of metrics (for a total of 18 bi-metric terms), 3 terms that mix together all three metrics in each of the four 3-metric subsets (for a total of 12 tri-metric terms), and finally one term which mixes all four metrics,
for a grand total of 35 terms. With 5 or more metrics, there are no terms which mix together all of the metrics, so there are only the terms which mix 4 or fewer, for each subset of 4. In general, the total number of terms in an N -metric theory in 4 dimensions,
, which is the number of independent components of a rank 4 symmetric tensor in N dimensions.
For general dimension D, with N metrics, the number of possible terms which mix together n of the metrics (n ≤ N ) can be written
The first factor is the number of ways of choosing the subset of n metrics which are coupled together, and the second factor is the number of ways of partitioning the D terms in the wedge product among the n metrics. Summing over n = 1 · · · N , we find a total of
there are no terms which mix together all the metrics.
We can graphically represent a theory with N -metrics and the interaction term (2.6) by drawing a "theory graph," (or gravitational quiver diagram) following [4, 19, 27, 28] . For each metric, we draw a dot. For each term in the interaction potential (2.6) involving only two of the metrics, we draw a line connecting the corresponding two dots. For the terms involving three or more metrics, we draw a cubic, quartic, etc. vertex as in Figure 3 , and connect its edges to the corresponding metrics. The number of unbroken gauge and local Lorentz invariances is the number of disconnected "islands" in the theory graph.
It will sometimes be more convenient to work with a matrix expression for the the interaction terms, rather than the wedge products. Accordingly, we derive the following useful result
where (E(
and S is the multi-matrix symmetric polynomial defined and discussed in Appendix A.2.
To see this, start by writing the wedge products in terms of epsilon symbols and the volume element,
(2.13)
Then single out E(I 1 ) and re-express the curved space epsilon symbol in terms of the flat space epsilon symbol, the determinant det E(I 1 ) and a bunch of inverse vielbeins
This expression singles out one of the vielbeins to be in the determinant, however, this choice is arbitrary -there are other equivalent expressions depending on which vielbein is chosen to be in the determinant.
As an example, consider the interaction terms in D = 4. Define the matrices
The ghost-free potentials take the form
as well as every non-redundant permutation of e(1), e(2), e(3) and e(4). Along with the four cosmological constants, these give the 35 interaction terms described in the previous section.
Hamiltonian formulation
In this section we perform a Hamiltonian analysis of the multi-vielbein theory with a general interaction term (2.6). To this end, we perform a d + 1 decomposition of the vielbein into canonically conjugate ADM variables.
A general vielbein can always, by a local Lorentz transformation, be put into upper triangular form (upper triangular vielbeins will be written with a hat), We can formulate an arbitrary vielbein as the action of some standard boost on an upper triangular vielbein 2 . For every given d-vector p a , we define a standard Lorentz boost 19) where indices on p a are raised and lowered with δ ab and A general vielbein can now be written as the standard boost of an upper triangular vielbein 
Here C(e, π), C i (e, π) are the usual diffeomorphism constraints of GR, whose Lagrange multi- a 's,
Here C(I)(e, π), C(I) i (e, π), are the diffeomorphism constraints of GR, one for each of the diffeomorphisms of the N Einstein-Hilbert terms, whose Lagrange multipliers are the lapses and shifts. In addition, there are the N sets of additional primary constraints,
responsible for generating spatial local Lorentz rotations of each of the spatial vielbeins, along with their Lagrange multipliers λ(I) ab . In the Hamiltonian (2.24), the spatial vielbein is unconstrained, and there is a spatial local Lorentz rotation left over as a gauge symmetry, enforced by the primary constraints P(I) ab .
Let's now consider adding a general interaction term (2.6). We assume the theory graph for our interaction term is connected. This is no loss of generality, since the various connected islands of a disconnected graph do not interact with each other and can be treated independently. The proposed potential terms thus have only one overall Lorentz invariance so we are not free to choose a gauge for each vielbein. For each vielbein we use the general parametrization (2.22),
We may use the overall local Lorentz invariance to set one of the p a 's to zero, say p(1) a = 0.
This leaves a residual overall local spatial rotation invariance 3 .
Ghost-freedom
We now demonstrate the existence of N −1 Hamiltonian constraints of the N -vielbein theory.
This will guarantee the right number of degrees of freedom to describe one massless graviton and N − 1 massive gravitons in D dimensions.
To identify the primary constraints, let us consider now the interaction term (2.6), with the vielbeins given by the parametrization (2.25). We observe the crucial fact that both E(I) The full action is given by
We now use N − 1 of the N shift equations of motion to solve for the N − 1 remaining p(I) a variables (recall that we have used the overall local Lorentz invariance to rotate away p (1) a ),
this, the action remains linear in the N lapse variables N(I) and the one remaining shift
There is a lapse and shift constraint with N(1) and N(1) i as multipliers, which will (after mixing with other constraints) generate the overall unbroken diffeomorphism symmetry of the theory. There are N × There is one overall diffeomorphism, the generators of which enforce first class constraints, thus removing 2 × (d + 1) dimensions of phase space. Finally, we have the N − 1 additional primary constraints found above. Though we will not show it here, we expect these constraints to each generate a secondary constraint, with which they should form a second class set, thus removing a further 2 × (N − 1) degrees of freedom. Adding everything up, we find that the physical phase space should have 30) dimensions. This corresponds exactly to one massless spin-2 field and N − 1 massive spin-2 fields and their canonical momenta, with no extra ghosts.
It should be emphasized that we have only shown the existence of the primary constraints necessary for eliminating the ghosts. To complete the proof that these theories are ghost-free, the secondary constraints (which arise by demanding that the primary constraints be preserved in time) must be computed. To show that there are not too few degrees of freedom, it must also be argued that there are no further constraints, and that the primary and secondary constraints together form a second class set. However, it is hard to imagine that the secondary constraints would be absent, as they have been shown to exist in the bi-metric case (in the metric formalism) in [11] and, what's more, their absence would indicate the existence of some kind of half degree of freedom which would not be consistent with Lorentz invariance in dimensions greater than 2. (Though unlikely, it is possible that with multiple metrics, half degrees of freedom could pair up into full degrees of freedom.)
The arguments here rely only on the fact that the Hamiltonian written in terms of the ADM variables is linear in all the lapse and shift variables, and goes through for the general interaction term (2.6). This includes any kind of theory graph, including tree graphs, loop graphs and graphs including tri-vertices, tetra-vertices, and beyond. The argument is fully non-linear, and is valid to all orders in the fields and beyond any decoupling limits, such as those considered in [2] .
Bi-gravity
In this section we show that, for the case of N = 2 dynamical spin-2 fields, the vielbein theories introduced above are dynamically equivalent to the metric ghost-free bi-gravity theories, studied in [18] . The metric bi-gravity theory is obtained by promoting the flat reference metric η µν of dRGT massive gravity to a general metric f µν and allowing it to be dynamical by adding an Einstein-Hilbert term for f µν , with its own Planck mass M f , 
For D = 4 this means
With this choice, expanding to quadratic order gives the Fierz-Pauli term [30] for the fluctu-
Mgf µν is absent from the potential. Thus this theory propagates precisely one massive spin-2 field and one massless spin-2 field around flat space. We can absorb one further coefficient by taking m to be the mass of the massive spin-2 and setting
For D = 4, this gives
In D dimensions, the bi-gravity theory will have D − 2 free parameters after tadpoles are eliminated and one coefficient is absorbed into the mass.
Despite the asymmetric appearance, the potential in (3.1) does not actually favor one metric over the other, since we have the property
If we wish, we can impose a Z 2 symmetry under the interchange g µν ↔ f µν , by setting
The two Einstein-Hilbert terms are each invariant under a separate diffeomorphism symmetry,
The mass term breaks this down to the subgroup of diagonal diffeomorphisms with f(1) µ = f(2) µ ≡ f µ , which acts the same way on both metrics,
Naive counting arguments would suggest that a generic theory of two interacting spin-2 fields with only one diffeomorphism invariance will propagate 8 degrees of freedom for D = 4: one massless spin-2, one massive spin-2 and one scalar ghost. However, it was shown in [11, 18] that the theories (3.1) propagate only 7 degrees of freedom at the full non-linear level, consistent with one massless and one massive spin-2 alone.
Vielbein formulation of bi-gravity
We show now that the metric bi-gravity theory has an equivalent vielbein formulation. We introduce two vielbeins, one for each metric,
When the substitution (3.9) is made into the Einstein-Hilbert part of the action, it becomes invariant under two separate local Lorentz transformations, 10) in addition to the two diffeomorphisms, under which the vielbeins transform as one-forms,
We will show that the following action, which consists of the Einstein-Hilbert terms in vielbein form and an interaction term written using wedge products of the vielbein one-forms A µ dx µ , is dynamically equivalent to (3.1) in terms of the variables (3.9),
The mass term breaks the two diffeomorphism and local Lorentz symmetries down to the diagonal subgroup where Λ (1)
Using the relation (2.12), the potential can be written in terms of the symmetric polynomials (defined in Appendix A.1),
Our first step is to show that the action with this potential, is in fact equivalent to the same action with the additional constraint that the following product of vielbeins and vielbein inverses be symmetric with respect to the Minkowski metric 4 . In matrix notation,
To see this equivalence, parametrize one of the vielbeins, say the first vielbein E(1), as a generic Lorentz transformation times a constrained vielbeinĒ(1), chosen to satisfy (3.14),
We have written the Lorentz transformation as the exponential of a matrix ω which is antisymmetric with respect to η, β n (detĒ(1)) S n e −ωĒ
Now vary with respect to ω. Consider first the lowest order terms in ω which contain no powers of ω beyond δω. Due to the form of the symmetric polynomials, the only terms that appear at lowest order are traces of δω with powers of the matrixĒ(1) (2) is symmetric and δω antisymmetric (both with respect to η), and since δω appears only linearly, the lowest order expressions in ω vanish. Thus the equations of motion start linearly in ω, and are solved by
Thus the action with unconstrained vielbeins is dynamically equivalent to the action with constrained vielbeins. We may plug ω = 0 into the potential (3.17),
Let us now relate the vielbein potential to the metric potential. In matrix notation the metrics are given by g = E(1)η E(1) T and f = E(2)η E(2) T . Therefore,
Using the parametrization (3.15), along with the symmetry property ofĒ(1) gives
−1T E(2) T , or
Using the properties (A.8) and (A.9), we may write
We see that the vielbein bi-gravity theory is dynamically equivalent to the metric bi-gravity theory, as claimed.
Note that we have only proved the equivalence of the metric and vielbein formulation for theories with one bi-gravity interaction. When constructing multi-gravity theory graphs out of the bi-vertex as in figure 2 , the equivalence of the vielbein formulation and the metric formulation does not appear to always hold. In Appendix C we argue that the equivalence holds as long as the theory graph is a tree graph, i.e., contains no closed loops. If the theory graph contains loops however, the equivalence appears to break down. This is directly related to the form of the constraints used to pass from the vielbein formulation to the metric formulation (3.14). Essentially, the loop graphs alter the form of these constraints.
In the vielbein formulation, the proof of ghost-freedom is trivial to extend to all theory graphs. Thus we expect graphs such as figure 2 to be ghost-free when the interactions are given in the vielbein formulation. For the metric theory however, it is not known whether the proof of ghost-freedom extends to the case of theory graphs with closed loops. The multi-gravity theory represented in figure 2 , or, for example, a "triangle" theory such as that studied in [31] , potentially contains ghosts when formulated in terms of metrics rather than vielbeins. (See Appendix C for more on this point.)
dRGT massive gravity
We now turn to the case of massive gravity. We treat this case separately not only because of specific interest in massive gravity but also because these theories do not inherently possess the overall diffeomorphism invariance of the multi-metric theories. Thus in this section we will repeat the Hamiltonian analysis specifically for massive gravity. We will see that demonstrating the existence of the primary constraint which eliminates the Boulware-Deser ghost is much easier in vielbein variables.
In D spacetime dimensions the action for ghost-free dRGT massive gravity is
The massive gravity theory depends on the dynamical metric g µν and the fixed background metric η µν . The Einstein-Hilbert part of the action (4.1) is invariant under diffeomorphisms 
Then, expanding to quadratic order gives the Fierz-Pauli term [30] for the fluctuation h µν = g µν − η µν . Thus this theory propagates precisely one massive spin-2 field around flat space.
We again absorb one further coefficient by taking m to be the mass of the massive spin-2 and setting
In D dimensions, the theory has D − 2 free parameters in addition to the mass.
Vielbein formulation of massive gravity
Our goal now is to show that dRGT massive gravity in D dimensions (4.1) has a dynamically equivalent vielbein formulation 6 . We introduce the vielbein fields E A µ (x),
along with the following action, which consists of the Einstein-Hilbert term in vielbein form, and potential terms written using wedge products of the vielbein one-forms
and unit one-forms which can be thought of as vielbeins for the flat background metric
By pulling out a determinant as in (2.12), the mass term can also be written in terms of the symmetric polynomials of the matrix
The action (4. We show that the action (4.8) is dynamically equivalent to the same action with the additional constraint that the vielbein be symmetric with respect to the Minkowski metric,
We parametrize the general vielbein as a constrained vielbeinĒ satisfying (4.10), times a generic Lorentz transformation 7 ,
Again, the Lorentz transformation is written as the exponential of a matrix ω which is anti-symmetric with respect to η,
The ω's will not appear through the Einstein-Hilbert term, since it is invariant under local We may plug the solution (4.14) into the potential (4.13), giving
Thus the action with unconstrained vielbeins is dynamically equivalent to the action with vielbeins constrained to satisfy (4.10).
To relate the potential (4.15) to the metric potential we write g = E η E T so that
Using the parametrization (4.11) and the symmetry property ofĒ −1 , we see that
Thus we can write, using the property (A.8) of the symmetric polynomials,
We see that the vielbein massive gravity is equivalent to dRGT massive gravity.
Ghost-freedom
We've seen that we can write the action for dRGT massive gravity using the D 2 components of an unconstrained vielbein as variables. Now, by choosing a different parametrization for the vielbein, we will see that it is almost trivial to identify the primary constraint which eliminates the Boulware-Deser ghost.
We again perform a d + 1 decomposition of the general vielbein as in (2.22) , an upper triangular vielbein rotated by a standard Lorentz boost parametrized by p a ,
The p a do not enter the Einstein-Hilbert term, since it is Lorentz invariant.
The mass term (4.9) is not invariant under local Lorentz transformations, so there will be explicit dependence on the p a 's. Note, however, that the lapse and shift, N and N i , only appear in the components E 0 0 and E b 0 , and that they both appear linearly. Due to the epsilon tensor in the mass term, there will never be more than one component E 
As the Einstein-Hilbert Hamiltonian is also linear in the lapse and shift, these remain Lagrange multipliers in the full massive theory, enforcing the constraints
Note that in the metric formulation, the lapse and shift do not automatically appear in this way.
The p a 's are auxiliary variables, since they appear appear only through the mass term, with no derivatives. We can eliminate them by solving the N i constraints,
The action now takes the form
We see explicitly the presence of the extra primary constraint, enforced by the shift N , responsible for removing the Boulware-Deser ghost. As shown in [11] , there will be an additional secondary constraint which arises by demanding that the primary constraint enforced by N be conserved in time.
Our theory has no gauge symmetry -no diffeomorphism symmetry or local Lorentz invariance -so there will also be secondary constraints which come from demanding that the primary Lorentz constraints P ab be preserved in time. These combine with the primary constraints into a second class set.
Let us now count degrees of freedom: the phase space has 2d 2 variables, the d Given a background solution to the bi-gravity theory (3.1) where one of the metrics is Minkowski, we can recover the massive gravity theory (4.1) by sending the Planck mass associated with the Minkowski metric to infinity, after canonically normalizing the fluctuations.
This can be done for any background other than Minkowski, and the result will be ghost-free massive gravity propagating on that background. In fact, many different theories containing only massive gravitons, around various and even multiple backgrounds, can be obtained by taking the appropriate M(I) → ∞ limits of the general multi-metric theory. By arguments similar to those in this section, it can be seen that all these theories are ghost-free.
Discussion
In this paper, we have reformulated the recently uncovered theories of massive gravity and bi-gravity in terms of vielbein variables. We find that with this choice of variables, the theories become much more natural and transparent. In place of the unwieldy polynomials and matrix square roots of the metric formulation, the vielbein formulation simply contains wedge products of the possible combinations of the vielbeins. In vielbein form, the additional primary constraints which signal the absence of the Boulware-Deser ghost are manifest, to all orders in the fields and beyond any decoupling limits.
The vielbein formulation has allowed us to extend the ghost-free interactions to interactions between multiple metrics. The natural extension is to allow for arbitrary wedge products between all possible vielbeins, leading to the general interaction (2.6). We have seen that the proof of the existence of additional primary constraints extends easily to this general interaction.
We conjecture that the interaction (2.6) is in fact the most general ghost-free zeroderivative interaction among multiple vielbeins, and thus the most general such interaction among massive and massless spin-2 fields. This interaction can be though of as a kind of multi-metric generalized cosmological constant, or a lowest-order generalized multi-Lovelock invariant 9 [34, 35] . We will expound on this relation in future work.
This construction opens up a wide parameter space in which to search for phenomenologically interesting or promising models, and in which to search for theories which avoid potential problems, such as superluminality around non-trivial solutions, and low scale strong coupling. There are parallels in galileon theory: as first shown in [2, 3] the decoupling limit of dRGT gives the single field galileon theories of [36] . Multi-metric theories should yield some kind of multi-galileon along the lines of [37, 38, 39] (though many of these multi-galileon theories also have instabilities or superluminality [40, 41, 42, 43] ). It has been argued that for a single massive graviton of mass m in D = 4, the highest unitarity bound which is possible is the rather low cutoff Λ 3 ≡ (M P m 2 ) 1/3 [27] . It is possible that within these interacting multi-metric theories, there are examples with higher cutoffs.
Finally, we comment on the possible coupling of multiple metrics to matter. If matter is minimally coupled to only a single metric, then clocks and rulers will measure distances as determined by that single metric. This kind of coupling will not re-introduce the BoulwareDeser ghost, as it maintains the same symmetries of the Einstein-Hilbert term. However, more general ghost-free couplings might exist that involve more than one metric and maintain an overall diffeomorphism invariance (we might call this multi-minimal coupling), though this can naively be expected to violate the equivalence principle. 
A Symmetric polynomials
In this appendix, we define the various matrix polynomials used throughout the paper, and describe some of their properties.
A.1 Elementary symmetric polynomials
Given a D×D matrix M A B , we define the elementary symmetric polynomials, for 0 ≤ n ≤ D,
or equivalently
In terms of traces of products of M , the first few are
The D-th symmetric polynomial is the determinant, 4) and the higher symmetric polynomials are defined to vanish identically,
If M is diagonalizable, the symmetric polynomials are the symmetric polynomials in the eigenvalues. If we label the eigenvalues (including degeneracy) λ A , A = 1, · · · , D, then
. . .
The symmetric polynomials may be obtained from expanding out the following determinant, in powers of ,
Transposing a matrix leaves its symmetric polynomial unchanged, .8) and given the symmetric polynomial of a product of two D × D matrices M and N , we may cyclically permute the argument,
A.2 Generalized symmetric polynomials
Define the generalized symmetric polynomials for multiple D×D matrices
as follows, 10) or equivalently
by writing all D! of the top to bottom contractions of the indices of the M 's, with a sign for straightening out the contraction. For example:
• for D = 2, there are two possible contractions, and we have
• for D = 3 there are six possible contractions, and we have
• for D = 4 there are 24 possible contractions
(A.14)
The elementary symmetric polynomials defined in (A.1) are the special case,
B Hamiltonian formulation of GR in vielbein variables
Here we review the Hamiltonian formulation of GR, in terms of upper triangular vielbein variables (2.17) (see also [44] and section 2.3 of [45] ),
(B.1)
The Lagrangian form of the action is
where surface terms are omitted and the extrinsic curvature is written in terms of vielbeins,
3)
The covariant derivatives are with respect to the spatial metric g ij , expressed in terms of the spatial vielbeins through g ij = e 
Multiplying this by an e ib and realizing that K ij is symmetric, we arrive at a set of primary constraints,
The P ab are anti-symmetric and represent
We can invert for K ij in terms of π i a ,
Now we can calculate the Hamiltonian density,
Using (B.7) and the symmetry of K ij to express the first term in terms of K's,
we find, after integrating by parts the terms containing N i ,
Now, using the expression (B.6), we have expressed the Hamiltonian in terms of the canonical momenta and vielbein.
Adding Lagrange multipliers λ ab for the primary constraints (B.5), the GR action is now in the form of a constrained Hamiltonian system,
where
Here's how the counting of constraints works in pure GR: the phase space is 2d 
This term is invariant under the local Lorentz transformation
Denote the infinitesimal Lorentz transformation by
Since the kinetic term is invariant under the local Lorentz transformation, the variation of the action under this transformation is zero,
Since ω is an arbitrary anti-symmetric function of the spacetime coordinates, this implies that the following is identically zero off-shell These constraints play a crucial role in relating the vielbein theories to equivalent metric theories. Consider the bi-vertex theory, given by (3.12). The potential is given by U = n β n U n , for generic coefficients β n , where in matrix notation, the possible interaction terms are U 0 = det E(1), (C.11) There are two vielbeins, so we expect one independent Lorentz constraint. Using (C.9), it is straightforward to determine this constraint to be
(C.12)
(By taking the inverse of both sides, we see that this is equivalent to E(2) −1 E(1)η = E(2) −1 E(1)η T so the constraint is in fact symmetric 1 ↔ 2.) Note that it is precisely this constraint that was used in eq (3.14) in passing from the vielbein formulation to the metric formulation of bi-gravity.
This constraint happens to be independent of the coefficients β n that appear in front of the various potential terms U n . This is a very nice property of the bi-vertex theory.
As long as one considers only tree graphs of spin-2's that interact through the bi-vertex for generic coefficients α 2 , α 2 , α 3 . The graph has three lines but only two Lorentz constraints,
given by enforcing the symmetry of the following two matrices, α 1 (det E(1)) E(1) −1 E(2)η − α 2 (det E(2)) E(2) −1 E(3)η , (C.14)
α 2 (det E(2)) E(2) −1 E(3)η − α 3 (det E(3)) E(3) −1 E(1)η .
(C.15)
The constraints now depend on the details and coefficients of the potential. What's more, due to the form of the constraints, it's evident that the vielbein theory is no longer equivalent to the metric theory with the replacement E(I) −1 E(J) → g(I) −1 g(J). Thus, we suspect (but have not proven) that the theory of [31] has Boulware-Deser ghosts at the non-linear level.
One can perform a similar analysis of the tri-vertex, The theory graph contains more lines than constraints, so again, the constraints are complicated and dependent on the form of the potential. We see as well for the tri-vertex that, due to the form of the constraints, the vielbein theory is no longer equivalent to the metric theory with the replacement E(I) −1 E(J) → g(I) −1 g(J). It remains to be seen if there exists an equivalent metric formulation for the vielbein loop-graph theories and theory graphs containing higher point vertices, beyond the bi-vertex.
